Abstract. The statistics of large-scale structure in our Universe can discriminate between different scenarios for the origin of primordial density perturbations. Primordial non-Gaussianity can lead to a scale-dependent bias in the density of collapsed halos relative to the underlying matter density. The galaxy power spectrum already provides constraints on local-type primordial non-Gaussianity complementary to those from the cosmic microwave background, while the bispectrum contains additional shape information and has the potential to outperform CMB constraints in future. We develop the bias model for the halo density contrast in the presence of local-type primordial non-Gaussianity, deriving a bivariate expansion up to second order in terms of the local linear matter density contrast and the local gravitational potential in Lagrangian coordinates. We show how the evolution from linear to non-linear matter density introduces the non-local, tidal term in the halo model, while the presence of local-type non-Gaussianity in the Lagrangian frame generically leads to a novel non-local convective term in the Eulerian frame proportional to the displacement field, when going beyond the spherical collapse approximation. We use an extended Press-Schechter approach to evaluate the halo mass function and thus the halo bispectrum including these non-local terms and show that they can lead to corrections of up to 25% with respect to previous work for some configurations, on large scales or at high redshift.
Introduction

General motivations
Inflation is a powerful mechanism to solve the puzzle of initial conditions for the Hot Big Bang cosmology and explain the origin of structure in our Universe. However, the exact mechanism that drove inflation is still a matter of debate. Different models make different predictions for the statistics of the primordial curvature perturbations ζ inf , which can be quantified by computing the n-point correlation functions ζ inf (k 1 ) . . . ζ inf (k n ) . All models predict some departure from Gaussianity, giving non-vanishing correlation functions for n > 2. Since the amplitude, shape-and scale-dependence are model dependent, the intrinsic non-Gaussianity of primordial curvature perturbations is a powerful tool to discriminate among different models [1] . For example, local-type non Gaussianity is a distinctive signature of multi-field models [2] , while equilateral and orthogonal non-Gaussianity probe non-slow roll dynamics through the self-interactions of the fields [3] . Thus observational features of the primordial curvature perturbation offer a window onto the nature of inflation [4] .
At the time of this publication, the most accurate constraints on primordial non-Gaussianity (PNG) come from the cosmic microwave background (CMB). WMAP9 set the constraint on local f NL to be −3 < f NL < 77 at 95% CL [5] , while the most recent data from the Planck satellite experiment requires −9.2 < f NL < 10.8 [6] . This is compatible with the predictions of simple slowly-rolling single-field models which predict |f NL | < 1. The CMB is a 2D map at redshift z ≈ 1100 whose temperature fluctuations have been measured with high accuracy. The error bars could be further decreased by including the higher-resolution polarization data [7] , but we are close to having fully exploited the constraining power of the CMB, being limited on small scales by the Silk damping and on large scales by the cosmic variance. The question is then which other observables may be suitable to obtain bounds on ∆f NL ≈ 1.
The large-scale structure (LSS) of the Universe provides a 3D map of the Universe, with accessible modes potentially going from the horizon scale ∼ 10 4 Mpc down to the non-linear scale ∼ 10 Mpc. The pioneering paper by Dalal et al. [8] (see also [9] ) showed that the LSS power spectrum also offers a strong constraint on primordial non-Gaussianity. The idea comes from the mode coupling in local-type models; the short wavelength modes which drive the collapse of matter into halos are modulated by the long wavelength modes, effectively changing the short-mode variance from patch to patch of the sky. This introduces a scale-dependent correction in the bias model, which describes how the number of halos relates to the matter density. Since the correction is proportional to f NL /k 2 , the clustering of structures on large scales has the potential to discriminate among different models of inflation.
This new perspective on the subject has been studied in depth in a number of works [9] [10] [11] [12] [13] [14] [15] . However, constraining f NL from real data requires detailed understanding of the systematic errors; indeed, some of them mimic the PNG excess of power on large scales (see for instance [16] [17] [18] ). Different techniques have been proposed to handle these errors [17, [19] [20] [21] , as well as methods to reduce the effect of cosmic variance [22] [23] [24] [25] [26] [27] and the statistical uncertainties [28, 29] . Constraints comparable with the WMAP bounds have already been achieved [10, [19] [20] [21] [30] [31] [32] [33] [34] and even more stringent results will come thanks to the next generation of experiments, like Euclid and SKA [27, [35] [36] [37] , despite the fact no survey has been optimized for PGN so far [38] . The novel technique introduced in [39] may optimistically provide ∆f NL ∼ 1.
However the 2-point function is not the natural statistic in which to look for PNG, as the full shape information is available only in the higher-order statistics, and moreover local-type models including higher-order non-Gaussian parameters like g NL are approximately degenerate with f NL in the power spectrum [40] . These issues naturally drive us towards studying higher-order n-points correlation functions, in particular the 3-point function and its Fourier transform, the bispectrum 1 . Many more 3D triangle configurations compared to 2D CMB ones are available in k-space, suggesting potentially a stronger constraining power with respect to the power spectrum. Indeed, ∆f NL ≈ 1 is expected from the bispectrum [42] [43] [44] , although this forecast is based on idealized surveys and ignores redshift space distortions (RSD). In addition, the degeneracy between f NL and g NL is broken by combining both the power spectrum and bispectrum constraints [45, 46] .
There are a number of complications, which explains why few measurements of the 3-point function or bispectrum from real data have been obtained so far [42, [47] [48] [49] [50] [51] [52] [53] [54] [55] . For example, redshiftspace distortions and the complicated mask geometry intrinsic to any survey are hard to model. Further, non-linearities in halo populations and the non-linear nature of Einsteins field equations produce non-Gaussian features in the evolved matter field that may be hard to disentangle from the PNG signal.
What we do in this work
The aim of this paper is to make improvements to the bias model which relates the halo density to the underlying matter density, particularly focussing on an accurate description of the second-order, non-local and non-Gaussian effects.
A common procedure to describe how dark matter halos trace the matter density is to assume a local relation between the final number density of objects with mass M at redshift z and the evolved density field, known as local Eulerian biasing [56] ,
where b j are the bias coefficients and δ E M is the fully non-linear density contrast in Eulerian space, smoothed on the mass scale M. In this picture, the halos are drawn on top of the density field without any memory of their past history, with possible application also to the case of PNG [42, 43, 45] . However, many recent results show that this biasing model is not sufficiently accurate when compared to simulations [57] [58] [59] [60] [61] . In particular, other physically motivated contributions consistent with the symmetries of the dark matter equations of motion [62] , like a tidal term, should be included. These new terms break the assumption of locality implicit in eq. (1.1). Either a local or non-local Eulerian model offer only a parametrization of the bias, and the bias coefficients need to be fitted against data or N-body simulations.
A promising alternative is to assume a physically reasonable local relation between the initial number density of objects and the initial density field [63] ,
where δ L lin,M is the linearly evolving density contrast smoothed on scale M. Note that the expansion is performed in Lagrangian space, with the initial spatial coordinate q being related to the evolved Eulerian coordinate, x, through the relation
where Ψ, the displacement field, is the key dynamical quantity in the Lagrangian picture. Equation (1.2) is known as a local Lagrangian biasing scheme and in effect assumes that the formation sites of halos can be identified from the initial density field 2 . The dynamics of halos is then captured in the transformation to the Eulerian space, by applying eq. (1.3). This local Lagrangian biasing scheme comes with a prescription to calculate the bias, if we know the halo mass function, and it also automatically leads to the presence of a tidal term when written in terms of the non-linearly evolved density field [57, 66] . We will follow this approach, carefully evaluating the effects of the displacement field on the physical quantities we will investigate.
In presence of PNG of local type, the usual local Lagrangian bias model needs to be extended to account for the correlations in the initial density field. In the following we start re-deriving the bivariate model of [67] , which remarkably shows good fits against simulations even when applied to the bispectrum [44, 68] . We then show that a novel non-local term arises, contributing to the number density of halos, which was previously neglected under the assumption of spherical collapse. We will quantitatively investigate how much the tidal term, and our new non-local contribution, affect the tree-level halo bispectrum in comparison with the reference model of [44] (hereafter BSS). This paper is organized as follows. In section 2, we briefly introduce the main concepts and notation. In particular, in section 2.1 we review the evolution of the matter density field up to second order, in section 2.2 we introduce the halo mass function to be used, while in section 2.3 we describe the peak-background split. This constitutes the basis of our local Lagrangian biasing scheme, which will be presented in section 3. As we work in a Lagrangian approach, our result then needs to be transformed into the Eulerian frame in section 4. In section 5 expressions for the matter and halo bispectra are given, and a numerical analysis of the halo bispectrum is presented in section 6. We present our final conclusions together with a discussion of potential future developments of our work in section 7.
2 Basic framework
Matter density field
In this subsection we define the quantities and introduce the notation that we will use in what follows. The linearly growing mode of the density field has a simple separable form in Lagrangian space
where D(z) is the linear growth factor with D(z) ∝ (1+z) −1 in the matter-dominated era, normalized such that D(0) = 1.
The density contrast at the start of the matter-dominated era is determined by the primordial metric perturbation from inflation that we denote with ζ inf . In Fourier space we have
where the transfer function T (k) accounts for the damping of sub-Hubble-scale modes in the radiation era and T (k) → 1 as k → 0. Conventionally this is written in terms of a primordial Newtonian potential
where, from eq. (2.3), we identify
The function α is plotted in fig. 1 . Throughout this paper we will consider a primordial Newtonian potential with local-type nonGaussianity, that is a local function of a Gaussian random field [69] [70] [71] 
where ϕ G (q) is a Gaussian field, seeded by free field fluctuations during inflation, and f NL is a dimensionless parameter quantifying the magnitude of non-Gaussian corrections either due to nonlinear evolution of the primordial metric perturbation [2] , or to the non-linearity inherent in the general relativistic constraint equations [72] [73] [74] . Note that the non-Gaussian correction is a local function of the Gaussian field at a given initial (Lagrangian) position, q.
In the presence of primordial non-Gaussianity, the linearly growing mode (2.3) contains firstand second-order terms with respect to ϕ G (q). It will be convenient, for our discussion, to define the first-order (Gaussian) density contrast δ G (k, z), where from eq. (2.3) and eq. (2.5) we identify
The initial linearly growing mode eq. (2.3) drives the subsequent non-linear evolution of the density field [77] and we may write the non-linearly evolved field in Lagrangian coordinates as
where at second order we have
with s 2 = s ij s ij and s ij , the trace-free tidal tensor, is defined as
where δ K ij is the Kronecker delta function. Since the Lagrangian and Eulerian coordinates (1.3) agree at leading order, the first-order density perturbation eq. (2.6) has the same form in either frame. However at second order the density perturbations differ because of the convective term proportional to the displacement, Ψ [78] . For a general function f (x, z) we have, from eq. (1.3),
(2.10) The left panel shows α as a function of wavenumber k at redshift z = 0. The right panel shows the matter power spectrum P (k) at redshift z = 0. They are both obtained using CAMB [75] and assuming the Planck data set [76] .
Hence we can write the non-linearly evolved density field eq. (2.7) in Eulerian coordinates as
where at second order, using eqs. (2.8) and (2.10), we obtain [79] :
Similarly, although the Newtonian potential has the same form to first order, we must include a convective term when writing the primordial potential (2.5) up to second order in Euclidean coordinates
and thus
Hence we learn that, even though the primordial potential is by definition a local function of an initial Gaussian random field ϕ G (q) at each initial spatial coordinate q and at a fixed initial time, the primordial potential at a fixed Eulerian position, x becomes time-dependent at second-order, due to the time-dependent relation between Eulerian and Lagrangian coordinates (1.3). In appendix A we show that even a Gaussian initial potential in the Lagrangian frame becomes a non-Gaussian field at second-order in the Eulerian frame due to the first-order displacement. We shall see that this gives rise to additional non-local terms in the distribution of collapsed halos in Eulerian space in the presence of primordial non-Gaussianity, assuming a bivariate local bias model (dependent on the linear density and the primordial potential) in Lagrangian space.
Halo mass function
The Press-Schechter formalism [80] and its extensions [81, 82] provide a model to describe the full nonlinearly evolved density field, and in particular the number of gravitationally collapsed dark matter halos, in terms of the initial, linearly growing density field eq. (2.3) (see [83] for a pedagogical review). Dark matter halos are identified as peaks in the linearly growing density field eq. (2.3), exceeding a suitable threshold value, δ c . This is usually assumed to be the linearly growing density mode for a spherically collapsed object. For example, in a flat ΛCDM universe the threshold for a spherical collapsed halo is [84] 15) reducing to δ c 1.686 when Ω m = 1. Hence δ c is weakly dependent on the value of Ω m and Ω Λ at the time of collapse [85] . For Gaussian initial conditions, the smoothed first-order density field is a Gaussian field with variance 16) where P 0 (k) is the linear matter power spectrum at redshift z = 0 (see fig. 1 ) and W M (k, R) is a window function in Fourier space that filters out modes below the length scale R(M) = (3M/4πρ m ) 1/3 . We will adopt the real-space top-hat filter, with Fourier transform
The Press-Schechter (PS) approach predicts the number density of objects with mass M at redshift z, i.e. the mass function, to be
where we introduce the variable ν = δ c /σ G . The analytic form for the PS distribution is
By considering the collapse of ellipsoidal overdense regions, the Sheth-Tormen (ST) distribution [86] [87] [88] is obtained using 20) where the parameters γ = 0.707 and p = 0.3 are found by fitting against simulations and A(p) = 0.322 under the requirement that all the mass is collapsed into halos. Equation (2.20) greatly improved the agreement with simulations. Interestingly, both the PS and ST functions, f , depend only on the variable ν, for this reason they are know as universal mass functions. In presence of weakly non-Gaussian initial conditions, the probability distribution function (PDF) of fluctuations can be approximated by an Edgeworth expansion. Then, a derivation similar to the one yielding to eq. (2.19) leads to [89] 
H n is the n-th Hermite polynomial, κ 3 (M) is the 3rd cumulant, defined as κ 3 (M) = δ 3 M /σ 3 , where δ 3 lin = dp (2π) 3 dp (2π) 3 dp (2π) 3 
(2.22) In addition, for primordial non-Gaussianity of the form of eq. (2.5), the variance needs to be replaced with 
The left panel shows the variance σ at redshift z = 0. Note that values of f NL inside the current constraints from CMB and LSS produce no appreciable effects on σ. On the right side the 2nd and 3rd cumulant and the derivative of the latter are shown, assuming f NL = 1.
Equation (2.21) is known as the Lo Verde et al. (LV) mass function.
In [90] fitting functions for κ 2 and κ 3 are given; although κ 2 ∝ f 2 NL , it gives a negligible correction to σ G for any realistic value of f NL and we will neglect it here 3 . The 3rd cumulant κ 3 reads
we refer the reader to appendix B for further details on κ 3 and
Note that the LV mass function is no longer universal, although the explicit dependence on the mass M through eqs. (2.23) and (2.24) is weak (see fig. 2 ). Throughout the paper we will follow BSS and use an effective form of the LV mass function by replacing f LV with
the resulting mass function can be thought as the ST mass function corrected for non-Gaussian initial conditions.
Peak-Background split
Our local Lagrangian bias model relies on a simple though powerful argument, known as the peakbackground split. In this approach, the first-order potential ϕ G is considered as a superposition of long and short modes 26) which are statistically independent for a Gaussian random field. The local background is composed of long-wavelength modes 27) and acts as an approximately homogeneous background cosmology on comoving scale l, on top of which the smaller scale peaks
Our model eq. (2.5) satisfies the Suyama-Yamaguchi equality:
lead to the collapse of dark matter into halos, on a scale R l. With Gaussian initial conditions, this implies that the threshold for collapse is effectively different from place to place,
enhancing the formation of structures on top of long-mode overdense regions; this conclusion leads naturally to the idea that dark matter halos are biased tracers of the underlying matter distribution on a given scale l [92] . Substituting the peak-background split (2.26) into the non-Gaussian primordial potential eq. (2.5) we obtain 
By Fourier transforming eq. (2.30) and defining the Gaussian long and short density mode respectively as δ lin,G,l = α ϕ G,l and δ lin,G,s = α ϕ G,s , we can identify a "background" density perturbation
which changes the effective collapse threshold for the small scale peaks
At the same time, local-type non-Gaussianity introduces a correlation between long and short wavelength modes in the density field. In particular the small scale variance is affected by the longwavelength potential
This leads to the important conclusion that the small scale power is affected by the long-modes of the primordial potential,
The above discussion suggests that the local mass function in a volume V ∼ l 3 depends not only on the mass and the redshift but also on the local density field and its moments [46, 93] 
In the non-Gaussian cosmology (2.5), eq. (2.36) for a given halo mass M and redshift z simply reduces to n h = n h (δ lin,l , σ l , f NL ). The dimensionless variable ν in the mass function (2.18) thus needs to be replaced with the local effective value
This is the main result of this section and provides the basis for our local bias model in Lagrangian space.
3 Local Lagrangian bias model
Local halo overdensity
Our bias model provides an expression for the local halo overdensity in Lagrangian coordinates
Using the preceding arguments we expect the local halo overdensity to be a function of the large-scale linearly growing mode of the density field, δ lin,l (the local "background" density), and the small-scale variance of the linearly growing mode, σ l (the "peaks"), averaged over the same large scale (l in the preceding section). We thus Taylor expand eq. (2.36) up to second order 4 in terms of δ lin,l and σ l δ L h (q) = β 10 δ lin,l + β 01
where we define the bias coefficients
Hereafter we drop the subscript the subscript l, and simply use δ lin and ϕ G to indicate the longwavelength modes of the linearly growing density contrast and the Gaussian primordial potential respectively. The small-scale variance of eq. (2.35) depends on the local primordial potential ϕ G,l and hence we can write the Taylor expansion in the bivariate form [44, 67] 
where we identify the Lagrangian bias coefficients
Using the mass function of eq. (2.25) we can provide the explicit formulas for the Lagrangian bias coefficients. Only two of them are independent:
where γ and p were introduced in eq. (2.20) . The other bias coefficients can be written in terms of these two if we note that from eq. (2.37)
and hence from eqs. (2.18) and (3.3) for a universal mass-function we have β 01 = δ c β 10 , etc. Thus the remaining coefficients are obtained from the following combinations In eq. (3.6) we can identify the first two terms as the usual Gaussian bias [94] plus a scale-independent correction introduced by PNG [10, 11] , which has been showed to improve the comparison between theory and simulations [12] . The same structure is found for eq. (3.7).
Non-local Eulerian bias
Galaxy surveys map the distribution of galaxies, which we assume to be located in collapsed halos, displaced with respect to their Lagrangian positions according to eq. (1.3). Equation (3.4) describes the excess of halos in Lagrangian space but this needs to be transformed to the Eulerian frame to account for their dynamics.
Unlike the matter density contrast, the halo density contrast is not a 3-scalar since it is conventionally defined as a coordinate density [78] . Hence the number of halos in a given volume element is given by
Thus we have
and using the coordinate Jacobian [see appendix C, eq. (C.5)] we obtain the transformation rule [95, 96] 
3)
The Lagrangian space halo density contrast, δ L h (q, z), is given by eq. (3.4) in terms of the linearly growing density contrast δ lin (q, z) and the Gaussian potential ϕ G (q) in Lagrangian coordinates. However, we have seen in eqs. (2.7) and (2.8) how δ lin (q, z) can be expressed up to second-order in terms of the non-linear matter density, δ, and the tidal tensor, s 2 ,
In eq. (2.13) we showed how ϕ G (q) can be expressed up to second-order in terms of the displacement Ψ and the Gaussian potential in Eulerian coordinates ϕ G (x):
We thus obtain our expression for the Eulerian halo overdensity up to second order in terms of the density contrast and the Gaussian potential in Eulerian coordinates
where we define the standard Eulerian bias coefficients (see fig. 3 ),
Equation (4.6) generalises the result that is usually obtained under the spherical collapse approximation (see appendix D). Indeed, the last two terms of eq. (4.6) are the non-local, non-linear terms of our bias model. While s 2 is an already known tidal term, we have derived here for the first time the convective contribution Ψ(x, z) · ∇ϕ G . We decide to keep the corresponding bias coefficients written as b respectively. In this way we will be able to recognise more easily the differences they introduce with respect to the reference model of BSS, especially in the discussion in section 6.
Finally, if we perform a Fourier transform with respect to Euclidean coordinates we obtain where we define
and the kernels are given by
14)
The standard second-order Newtonian kernel F 2 is generated by the non-linear gravitational evolution. S 2 by the tidal term and the new kernel, N 2 , is generated by the convective term Ψ · ∇ϕ G . Figure 4 : Explanation of the visual representation for the bispectrum introduced in [45] . The triangular-shaped region that hosts the colour map is due to the condition k 3 ≤ k 2 ≤ k 1 . This requirement avoids double visualizations of the same triangular configuration. For the allowed values of k 2 /k 1 and k 3 /k 1 we recognise same specific configurations: point (a) is for the squeezed limit
and (c) for the folded one (k 1 = 2k 2 = 2k 3 ). The elongated triangles (k 1 = k 2 + k 3 ) resides on the left edge, while the upper and right edges correspond to isosceles triangles (
. General configurations are in the inner region.
Three-point functions of halo and matter overdensities
In sections 5.1 and 5.2 we will present the tree-level bispectra for the halo and matter overdensities. We adopt the definition
where α, β, γ = h, m with the labels h and m standing for halo and matter respectively. The crossed halo-matter bispectra are given in appendix F. In sections 5.2 and 6 we will make use of the graphical representation introduced by Jeong and Komatsu [45] to show the shape dependence of the bispectrum. The amplitude of B αβγ , or parts of it, will be plotted as a function of k 2 /k 1 and k 3 /k 1 in a colour map, under the condition k 3 ≤ k 2 ≤ k 1 . This requirement avoids multiple visualizations of the same triangle. From all the possible choices of k 2 /k 1 and k 3 /k 1 , we can identify some specific configurations which are shown in fig. 4 :
Matter bispectrum
The matter bispectrum is given from eqs. (4.9) and (5.1)
where we have dropped the redshift z dependence from the function α(k, z) and the matter power spectrum P (k, z) in order to simplify the notation; we will do the same in the following sections. The matter bispectrum is thus generated by both primordial non-Gaussianity, f NL , and non-linear gravitational evolution, F 2 . The tree-level approximation based on perturbation theory well describes the simulation results at scales up to k 0.05 − 0.1hMpc −1 , depending on the redshift. Including one-loop corrections can Each term is normalized to the maximum value it can take in the k 2 /k 1 ,k 3 /k 1 -space. This normalisation eliminates the redshift-dependence and as a result one should not make a comparison of the amplitude between plots because of the different scaling. Note that the last row shows the absolute value of M , since it can take negative values. The violet strip indicates where it is changing sign.
significantly extend the validity for bispectrum to k 0.3hMpc −1 at redshift z 1 [68] . Alternatively, it is possible to use an effective kernel F eff 2 calibrated against simulations [97] . This phenomenological approach gives simpler expressions in the non-linear regime, and accurate predictions for the bispectrum, up to k 0.4hMpc −1 in the redshift range 0 ≤ z ≤ 1.5, when Gaussian initial conditions are assumed [98] .
Halo bispectrum
First let us consider the halo bispectrum when Gaussian initial conditions (f NL = 0) are assumed [66] 
Here and in the following the various terms appearing in the halo bispectrum are labelled in accordance with BSS [44] in order to facilitate comparison and to highlight the new terms we have identified.
The halo bispectrum eq. (5.3) is generated by the non-linear gravitational evolution, F 2 , by non-linear bias, b 20 , and, in particular, the last term, S 2 , is due to the non-local tidal term, s 2 , in the expression for the halo overdensity (see eq. (4.8)). Note that, here and in the following, we have suppressed the E superscript in the bias factors to simplify the notation but not the L superscript. This allows to keep track of the effects generated by the non-local terms s 2 and n 2 . In fig. 5 we plot the shape dependence of each of the terms A,L,M for different choices of k 1 , normalizing each of them to the maximum value it takes in the (k 2 /k 1 , k 3 /k 1 )-space. This normalisation eliminates the redshift-dependence and as a result one should not make a comparison of the amplitude between plots because of the different scaling. The results are shown in fig. 5 . Note that the absolute value is plotted for M, as it can be positive or negative. Indeed, the violet region that cuts the plots into two parts is where M changes sign. The term A is given by the sum of two pieces, which we label A 1 and A 2 . The former is sourced by non-linear gravitational evolution while the latter by PNG. We show them separately, normalized to the maximum value A can take and assuming z = 0 and f NL = 10. The normalization does not completely cancel the redshift dependence, which is present in A 2 through the factor D(z) −1 . The effect of A 2 is visible in the squeezed configuration, where A 1 is vanishing and A 2 is at its maximum (the logarithmic scale might hide this aspect but a quick look back to fig. 5 should clarify this point).
In the presence of primordial non-Gaussianity, many more terms contributes to the halo bispectrum:
The quantity B (A→L) hhh
accounts for the terms with label going from A to L; it matches exactly Eq.(5.1) of BSS, that we reproduce in appendix E.
The first line in eq. (E.1), term A, comes from linear bias acting on the matter bispectrum. We can split this into two terms
identifying an additional term, A 2 , with respect to the Gaussian initial conditions eq. (5.3) proportional to f NL . We study the shape dependence of A 1 and A 2 in fig. 6 . Again, we plot them separately but normalize to the maximum value taken by A(
The relative values of the two plots can thus be compared, but note that the normalization does not Shape dependence of the terms, B to F, contributing to the halo bispectrum. These are generated by non-Gaussian initial conditions. A value f NL = 10 and redshift z = 0 are assumed. Each term is normalized to the maximum it can take. This choice does not completely cancel the redshift dependence in the terms B and C, where it is present as a factor D(z) −1 , and does not allow a comparison of the amplitude between different plots. We clearly see that the effect of PNG is prominent in the squeezed configuration.
cancel the growth factor 1/α ∝ 1/D(z) in A 2 but absent in A 1 . Hence the relative amplitude of the bispectrum from primordial non-Gaussianity A 2 grows with redshift relative the bispectrum A 1 coming from Gaussian initial conditions. Figure 6 highlights the interesting shape dependence of A 2 ; it peaks in the extremely squeezed configuration (top left), exactly where the A 1 term vanishes (see also fig. 5 ).
We emphasize that A 2 and the terms from B to K are generated by primordial non-Gaussianity. We plot the shape dependence of the terms B to F in fig. 7 and the term G to K in fig. 8 . They confirm what we have previously stated: the PNG terms are greatest in the squeezed configuration.
As a result of the presence of s 2 and our new term n 2 in the expression for δ E h (see eq. (4.8)), additional terms appear with respect to BSS. M, N and O that are generated by the tidal term s 2 ; schematically, they are sourced by s 2 δδ , s 2 δϕ and s 2 ϕϕ respectively. We have seen in eq. (5.3) that M is present regardless of the presence of PNG, but N and O come from the coupling between the tidal term and ϕ G for f NL = 0. On the other hand, P, Q and R are generated by n 2 . They account for the non-local effect of the potential ϕ G and are therefore due to the presence of PNG. Schematically, they are generated by n 2 δδ , n 2 δϕ , n 2 ϕϕ respectively. In fig. 9 we show the terms from N to R. Since they can take negative values, we plot their absolute value. Interestingly, in all of the plots we can identify a violet strip, indicating a change of sign and, hence, where the kernels S 2 The terms contributing to the halo bispectrum, with label going from G to K. These are generated by non-Gaussian initial conditions. A value f NL = 10 is assumed. Each term is normalized to the maximum it can take. This choice completely cancels the redshift dependence and does not allow a comparison of the amplitude between different terms. We clearly see that the effect of PNG is prominent in the squeezed configuration.
and N 2 make each term vanish.
Analytic estimates
In this section we further investigate our result for the halo bispectrum and, in particular, we compare it to our reference model BSS [44] . Since the model of BSS has shown a good fit against simulations [44, 99] , we want to understand if and where differences between these two models arise. In fig. 10 we plot the absolute value of the relative difference between our halo bispectrum and that of BSS
for values of k 1 = 0.01, 0.05, 0.1hMpc −1 and redshift z = 0, 0.5, 1. We consider halos of mass M = 10 13 h −1 M and primordial non-Gaussianity with f NL = 10. We choose to saturate differences above 10% to the same red colour of the palette for the purpose of presenting many different plots with different ranges of values in a compact way. However we do not observe differences above 25%
5 . Shape dependence of the terms with label going from N to R contributing to the halo bispectrum. These are the additional terms generated by the presence of s 2 and n 2 in δ h . A value f NL = 10 is assumed. Each term is normalized to maximum value it can take so that the redshift dependence is completely dropped; note however that the different scaling does not allow one to compare the amplitude between plots. Since these terms can take negative values, we show their absolute value. Actually, the blue line indicates where they change sign, with the top right part of the plots being positive.
For the value of the halo mass and f NL considered, we find that the terms M and P are the main sources of the differences, with all the other terms contributing very little or having a negligible effect. The most relevant differences appear for k 1 = 0.01hMpc −1 : up to 25% in the elongated, folded and equilateral regions for all the redshifts considered. These discrepancies drop to a few percent for k 1 = 0.05hMpc −1 at z = 0, while for z = 0.5, 1 they are reduced to about 5% when approaching the equilateral configuration and to order 10% in the elongated and folded regions. For k 1 = 0.1hMpc
we observe a similar pattern, but at z = 0.5 the approximately 10% difference area that was present in the elongated and folded regions for k 1 = 0.05hMpc −1 is almost completely washed out, decreased to about 5%. However, that area is still present for z = 1, although reduced in size. We also recognise an area where the difference is close to zero [the violet region going approximately from the squeezed (top left) to the isosceles (bottom right) configuration] corresponding to a vanishing contribution from the terms M to R, as shown in figs. 5 and 9. Interestingly, in all plots the squeezed configuration is unaffected.
We can understand the features that we have just described by studying the analytic solutions of the halo bispectrum in three simple configurations:
values of the bias coefficients. Note that we saturate differences above 10% to the same red colour of the palette; as the plots range between different values, this choice allows us to present them in a compact way, highlighting where the most relevant differences are expected. However we do not observe discrepancies above 25%. Interestingly, the squeezed limit is not affected while the other configurations show differences from only a few percent. A no-difference region going approximately from the squeezed to the isosceles configurations is present, following the shape dependence that we showed in figs. 5 and 9.
• In the equilateral configuration, where k 1 = k 2 = k 3 = k, the halo bispectrum becomes 
We remind the reader that the contributions of b The presence of a larger difference at high redshift and on large scales can be explained by noting that the function α(k) takes smaller values in those regimes and enhances the terms inside the square brackets (see eq. (2.3) and fig. 1 ) and, therefore, accentuates the effect of b • In the folded configuration, k 2 = k 3 = k and k 1 = 2k, the halo bispectrum can be written as
where we define Π = T (2k)/T (k) to make the notation more compact. The full expression is long so we have given just the first two terms. These are enough to explain what we observe in fig. 10 . Again, b This suggests why bigger differences should be expected in the case with k 1 = 0.01hMpc.
The same considerations apply to the function α(k) as in the equilateral case, so that the differences are larger at high redshift and on large scales.
• A simple expression for the halo bispectrum in the squeezed limit can be found by setting k 1 = k 2 = k 3 = k with 1, corresponding to an isosceles triangle, whose degree of squeezing is controlled by the parameter . For squeezed triangles (large values of ), the leading term in the bispectrum is
The absence of terms involving bias coefficients b 
Conclusions
An important application of measurements of large-scale structure in our Universe is to determine the distribution of primordial perturbations, in particular possible non-Gaussian signatures of scenarios for the origin of structure in the very early universe. For example, the shape information contained in the primordial bispectrum is a valuable tool to discriminate between different inflationary models. The matter bispectrum at later times is due to a combination of both primordial non-Gaussianity and non-linear evolution under gravity. However, the way in which gravitationally collapsed halos trace the density field, the bias model, can enhance the effect of primordial non-Gaussianity in the galaxy distribution. In particular, local-type non-Gaussianity leads to a scale-dependent bias which can have a dramatic effect on very large scales in both the halo power spectrum [8, 9] and the halo bispectrum [46] .
In this paper we developed a local Lagrangian bias model, focussing on second-order, non-local and non-Gaussian effects. In particular, we extended and applied a local Lagrangian biasing scheme to a general set-up with local-type primordial non-Gaussianity. For an f NL cosmology, we re-derive the known result [67] that the halo overdensity can be expressed as a bivariate expansion in terms of the linear matter overdensity in the Lagrangian frame and the primordial Gaussian potential.
Non-linear evolution of the matter field in general gives rise to second-order terms in the matter density which include non-local, tidal terms (see eq. (2.8)), while transforming from the Lagrangian to the Eulerian frame introduces a non-local convective term at second order (see eq. (2.12)). Non-local here implies terms derived from derivatives of the potential, not directly from the local density or its derivatives. Both these terms are included in the usual kernel, F 2 , for the second-order density in Eulerian space. But since the halo density is determined by the linear matter overdensity in the Lagrangian frame, one must account separately for these non-local terms to reconstruct the halo density at late times. These terms are absent at early times, or if we restrict ourselves to the spherical collapse approximation (see appendix D).
We have shown in this paper that in the bivariate expansion we must also account at second order for the convective term relating the primordial potential in the Lagrangian frame to that in Eulerian space at later times (see eq. (2.13)). This gives rise to a new term in the halo bispectrum in the presence of local-type primordial non-Gaussianity which has not previously been studied as far as we are aware.
Setting f NL = 0 and are able to recover the halo bispectrum model of [66] , when a local Lagrangian biasing scheme is applied. Three terms appear in the halo bispectrum (A,L and M) that are sourced by (A) the non-linear matter density encoded in the kernel F 2 , (L) the non-linear bias b 20 and (M) the tidal term s 2 . Generalising to f NL = 0, we found 12 terms in the halo bispectrum (labelled A to L) matching the BSS model [44] . In this case, the non-linear matter density term, A, includes a correction due to PNG, while the non-linear bias term, L, is left unchanged. The other contributions (B to K) come from a mixture of bivariate terms, involving the bias coefficients b 01 , b 11 , b 02 . We also found a contribution, M, sourced by the tidal term, s 2 , which also couples with terms in the halo overdensity that are specifically due to PNG and, hence, generate new contributions, N and O, in the halo bispectrum. The new convective term, n 2 , also generates contributions in the presence of primordial non-Gaussianity; in the halo bispectrum we have found three new contributions, P, Q and R, due to this term.
In order to investigate the magnitude and shape of the various contributions to the bispectrum, we have implemented a version of the Sheth-Tormen mass function corrected for PNG in light of the Lo Verde mass function, following BSS [44] . This allowed us to numerically calculate the bias coefficients for our model and predict the halo bispectrum in different configurations for sample values of f NL and at various scales and redshifts.
We investigated the halo bispectrum by comparing it to the fiducial model of BSS. Assuming halos of mass M = 10 13 h −1 M and f NL = 10, we found:
-At redshift z = 0 differences up to 25% in the halo bispectrum for k 1 = 0.01hMpc −1 in the elongated and folded configurations and approximately 7 − 8% when approaching the equilateral configuration, while these drop to a few percent when k 1 = 0.05 or 0.1hMpc −1 .
-At redshift z = 0.5 differences up to 25% for k 1 = 0.01hMpc −1 in the elongated, folded and equilateral configurations. When k 1 = 0.05hMpc −1 differences of order 10% are still visible in the elongated and folded shapes, while they decrease to approximately 5% towards the equilateral configuration. For k 1 = 0.1hMpc −1 these differences reduce to about 5%.
-At redshift z = 1 we find results similar to those for z = 0.5, except that differences of order 10% are still visible in the elongated and folded regions for k 1 = 0.1hMpc −1 .
In general, we observe that the non-local terms have a negligible effect in extremely squeezed configurations.
Our results indicate that the non-local terms in the halo overdensity could have a significant contribution to the galaxy bispectrum, especially on large scales and at high redshift. The next challenge is to test these theoretical predictions against N-body simulations with non-Gaussian initial conditions. Ultimately we would wish to be able to estimate the signal-to-noise for upcoming surveys, like the ESA Euclid mission [100] , which probes large scales and high redshifts, in order to explore the observability of these non-local effects in the bispectrum. A full discussion of the observability of these effects must include a halo occupation model, to describe how galaxies populate halos and many other effects including redshift space distortions and lensing along the line of sight, from galaxies to the observer, in order to translate theoretical model for the halo bispectrum into predictions for the observed galaxy angular bispectrum in redshift space. Nonetheless, we have identified in this paper novel contributions to the expected galaxy bispectrum on large scales and high redshift in the presence of primordial non-Gaussianity.
In deriving the halo abundance in Eulerian space we need to map the initial gravitational potential in Lagrangian coordinates, eq. (2.4), into Eulerian coordinates under the coordinate displacement eq. (1.3) , which is itself determined by the gravitational potential. In this appendix we shall demonstrate how even an initial Gaussian field in Lagrangian coordinates may be transformed into a non-Gaussian field by this displacement to Eulerian coordinates.
We start from a random field,φ G (q), defined with respect to the Lagrangian coordinate chart, q. Letφ
whereâ denotes a Gaussian random variable and is a small perturbative parameter. Thusφ G (q) is a Gaussian random field (first order with respect to ) with, for example, vanishing 3-point function
where angle-brackets denote the ensemble average. Let the Eulerian coordinate x be related to q by a first-order displacement fieldψ(q), correlated with the fieldφ G such thatx
If we consider a fixed coordinate q thenx(q) is itself a random variable, correlated withφ G (q). We can then construct the fieldφ
which is Gaussian at first order in , but non-Gaussian at second order. For example, the 3-point function ofφ(x(q)) with respect to the coordinate chart q is non-vanishing at fourth order
Conversely, if we work with respect to the Eulerian coordinate chart x, it is the Lagrangian coordinate that becomes a random field at fixed coordinate x:
andφ G (q(x)) becomes a non-Gaussian field at second order
whereφ G (x) = f (x)â is a first-order Gaussian random field in Eulerian space.
B Comment on the fitting functions
In [101] , useful fitting functions for κ 3 and
where b 1 = (ν 2 − 1)/δ c + 1 is the Eulerian Gaussian bias derived from the PS mass function with δ c = 1.42.
As we use a combination of the ST and LV mass function with δ c = 1.686, we prefer to use eq. (2.24) for κ 3 and get dκ3/dM d ln σ −1 /dM out of this one. We obtain
where we introduced the quantity τ 2 G that is defined as 
C Coordinate Jacobian
Since the matter density is a 3-scalar, we have
the determinant of the Eulerian metric g x is simply |g x | = 1, but the Lagrangian space has a non-trivial metric g q even in Newtonian theory. If we define the coordinate Jacobian
by using eq. (C.1) we have to first order
At the initial redshift z in , the Eulerian and Lagrangian frame are equivalent, i.e. Ψ = 0, and hence J = 1. If in addition we assume that the mass per volume element is conserved and the initial density was uniform, ρ(q, z in ) =ρ(z in ) in the limit z in → ∞, we have
and hence
where δ E (x) is the Eulerian fully non-linear density contrast.
D Spherical collapse approximation: Local Eulerian biasing
The spherical collapse approximation has been used in many works (see for instance [44, 63, 67] ) and we present it here with the aim of highlighting the differences respect to the more general result we derived in section 4. The spherical collapse corresponds to the special case in which Ψ = 0 and the velocity field vanishes at the centre of the symmetrical collapse so that the Eulerian and Lagrangian coordinates coincide at all times, x ≡ q. The results that we are going to quote all relate the density at the centre of collapse or assume a uniform density equal to that at the centre, i.e. edge effects are not considered.
Following [63] (see also [96] ), the linearly growing density at the centre of the collapse relates to the non-linear density field
where the coefficients are
Equation (D.1) is local in either Eulerian or Lagrangian coordinates since they coincide at the centre of the symmetrical collapse.
On the other hand, at the centre of collapse the auxiliary potential is simply
where we remember that ϕ G (x) always refer to the primordial value as it simply allows to keep track of the PNG effects in the initial density field; hence ϕ G (x) does not evolve with time like a physical quantity do and its coordinate transformation is straightforward. Now, using eqs. (D.1) and (
. By using the same bias redefinition of eq. (4.7), the Eulerian halo overdensity finally reads
We see that the local Lagrangian biasing of eq. 
E BSS halo bispectrum
The halo bispectrum model of BSS [44] predicts Equation (E.1) is incorporated in our prediction for the halo bispectrum but new terms appear (see eq. (5.4) ).
F Halo-matter bispectra
Here we consider the case of crossed bispectra between halos and matter. Potentially, weak lensing measurements will allow to cross correlate the dark matter density field with galaxies in the future. Also, these results provide additional predictions of our model that can be tested against simulations. We start by quoting the halo-halo-matter bispectrum in presence of Gaussian initial conditions Again, we recognise that it is sourced by non-linear gravitational evolution and non-linear bias, while the last term is generated by s 2 in eq. (4.8). Assuming PNG, the halo-halo-matter bispectrum 6 reads B hhm (k 1 , k 2 , k 3 ) =b 2 10 6F 2 (k 1 , k 2 )P (k 1 )P (k 2 ) + 6f NL α(k 3 ) -24 -
+ 2 cyc.
L
The terms with label going from A to I match exactly the result of Eq.(5.6) in BSS but, as for the halo bispectrum, new terms appear. J, K are due to the tidal term s 2 : schematically, they generated by s 2 δ (1) δ (1) , s 2 δ (1) ϕ respectively. We see by comparison with eq. (F.1) that J is present regardless of PNG, while K comes from the coupling between the tidal term and ϕ which is specifically introduced by PNG. L and M are present because of n 2 and, therefore, depend on the presence of PNG. These are schematically generated by n 2 δ (1) δ (1) , n 2 δ (1) ϕ , respectively. Finally, for the halo-matter-matter bispectrum when Gaussian initial conditions are assumed we find B hmm (k 1 , k 2 , k 3 ) =b 10 6F 2 (k 1 , k 2 )P (k 1 )P (k 2 ) + 2 cyc. 
+2f NL α(k 3 )P (k 1 )P (k 2 ) 1 α 2 (k 1 )α(k 2 ) + 1 α(k 1 )α 2 (k 2 ) + 2 cyc. 
with the terms going from A to E matching exactly Eq.(5.8) of BSS. As above, new terms appear: F is due to tidal term s 2 and it is generated by s 2 δ (1) δ (1) , regardless of the presence of PNG, while G is due to n 2 , sourced by n 2 δ (1) δ (1) .
